Radially polarized beams represent an important member of the family of vector beams, in particular due to the possibility of using them to create strong and tightly focused longitudinal fields, a fundamental property that has been exploited by applications ranging from microscopy to particle acceleration. Since the properties of such a focused beam are intimately related to the Gouy phase shift, proper knowledge of its behavior is crucial. Terahertz microscopic imaging is used to extract the Gouy phase shift of the transverse and longitudinal field components of a tightly focused, radially polarized beam. Since the applied terahertz time-domain approach is capable of mapping the amplitude and phase of an electromagnetic wave in space, we are able to directly trace the evolution of the geometric phase as the wave propagates through the focus. We observe a Gouy phase shift of 2π for the transverse and of π for the longitudinal component. Our experimental procedure is universal and may be applied to determine the geometric phase of other vector beams, such as optical vortices, or even arbitrarily shaped and polarized propagating waves.
INTRODUCTION
The Gouy phase is a well-known phenomenon in optics. It describes the effect in which an electromagnetic beam propagating through a focus experiences an additional phase shift with respect to a plane wave. This phase anomaly was first described by Gouy in 1890 [1] , and since then, its physical origin and its consequences have been extensively investigated theoretically as well as experimentally. The Gouy phase shift is a fundamental physical property of any kind of wave that is subjected to transverse spatial confinement, for example, due to focusing or diffraction on small apertures. An intuitive description can be given based on the geometrical properties of Gaussian beams [2] . More sophisticated theories describe the Gouy phase shift as a geometrical quantum effect due to Heisenberg's uncertainty relations [3, 4] , or as a manifestation of Berry's geometrical phase [5] [6] [7] . The Gouy phase has important consequences in optics. It determines the resonant frequencies in laser cavities [8] , is crucial for the generation of ultra-short laser pulses [9, 10] and the formation of optical bottle beams [11] , and affects the propagation dynamics of optical vortices [12] . The Gouy phase shift finds applications in achieving transverse and axial super-resolutions in the optical regime [13] , as well as sub-wavelength spatial resolution in terahertz imaging [14] . Apart from electromagnetic waves, the Gouy phase shift has also been observed in matter waves [15, 16] , surface plasmon polaritons [17] , phonon polaritons [18] , and acoustic pulses [19, 20] .
Most measurements of the optical Gouy phase have been performed in the spatial domain using two-beam interferometry [1, 21, 22] . The phase was also observed by the spatial mode interference-locking method [23] , the stereo-above-thresholdionization scheme to measure the carrier-envelope phase [9] , or by using wavefront sensors [24] . Due to its unique capability to simultaneously access the amplitude and phase of an electromagnetic wave, terahertz time-domain sensing and imaging technology provides a unique possibility to investigate the Gouy phase [25] . As prominent examples, the polarity reversal of focused terahertz pulses due to the Gouy phase shift was directly measured [26] , as well as the Gouy phase shift of scattered terahertz pulses from cylindrical or spherical targets [27] . A complete spatial characterization of the Gouy phase shift by terahertz digital holography was presented in [28] .
Here, we experimentally investigate the Gouy phase shift of tightly focused, radially polarized terahertz transients. Radially polarized light is a special type of Bessel-Gauss beam, the so called cylindrical vector beam [29, 30] , where the electric field vector is pointing in the plane of the beam cross section to the radial direction. The light from such polarization exhibits pronounced longitudinal fields that feature a smaller beam waist in the focus as compared to the transverse fields of a linearly polarized Gaussian beam [31] [32] [33] . The unique vectorial field distribution of radially polarized vector beams in the focus has apparent applications in high-resolution imaging and microscopy [30] . Furthermore, the transverse fields of such beams are also applied in microscopy, namely in stimulated emission depletion microscopy [34] .
In case of weakly focused beams, the transverse electric field component of radially polarized light can be described within the paraxial approximation yielding
where ρ x 2 y 2 1∕2 andρ x; y; 0∕ρ are unit vectors pointing in the radial direction. The radial amplitude function l 0 ρ; z is given by:
The exact expressions for the Rayleigh range z 0 , the beam waist wz, and the radius of curvature Rz are given in the Supplement 1. Equation (1) contains the analytical expression
which corresponds to a total Gouy phase shift of 2π for radially polarized light in the paraxial approximation. However, in reality, the phase behavior of focused, radially polarized beams turns out to be more complicated. This was indicated by the observation that their wavefront spacing near the focus is highly irregular [35] . In a subsequent theoretical study, the Gouy phase shift of the longitudinal component of the electric field vector at the focal plane was investigated, and it was predicted that this vector component experiences a Gouy phase shift by π [36] . On the other hand, the radial component should yield, as expected, a phase shift by 2π [37] . Note that the analytical expression in Eq. (3) can only be derived within the paraxial approximation. For tightly focused beams beyond the paraxial approximation, the Gouy phase shifts of the transverse components can be determined by numerical simulations. Furthermore, the paraxial approximation cannot yield an expression for the longitudinal fields, since the approximation affects terms that are vital for determining the longitudinal field. Very recently, electron acceleration by longitudinal terahertz fields generated by focusing radially polarized beams has been demonstrated [38] . This promising approach for realizing compact particle accelerators requires detailed knowledge of the Gouy phase shift, as the phase and group velocities are of crucial importance for the acceleration process. Radially polarized light has been generated in the visible or infrared frequency regimes using special polarization conversion optics [39] [40] [41] . In the terahertz regime, radially polarized terahertz pulses have been produced either via velocity-mismatched optical rectification in (001)-oriented ZnTe [42] , or by photoconductive emitters consisting of single-ring electrodes. The latter emitters have been used, for example, to achieve enhanced coupling to the plasmonic surface modes of metal wires [43] [44] [45] , or for optimal plasmonic focusing on a metal disc [46] . The intensity of radially polarized pulses can be significantly enhanced using large-area emitters consisting of multiple interdigitated ring electrodes that are alternately shielded from the excitation beam [47] . In this paper, we use the latter type of emitter for the generation of radially polarized terahertz pulses in order to experimentally investigate the Gouy phase shift of focused, radially polarized light.
EXPERIMENTAL DETAILS
Our approach is based on mapping the electric field components of a focused terahertz beam in a plane defined by the propagation direction along the z-axis and a radial direction ρ, with the focal point in the center of the two-dimensional map. For this purpose, we use a terahertz near-field microscope, which is capable of mapping the field distribution with a spatial resolution well below the diffraction limit [48, 49] . Such a system has been used to investigate the near fields of sub-wavelength-sized structures [48, 50] , and also to study wave propagation along surfaces or in free space [51, 52] . Figure 1 illustrates the near-field microscope, which relies on the terahertz time-domain spectroscopy approach. A femtosecond laser beam is divided by a beam splitter into two beams, gating the emitter antenna and the detector crystal. The antenna layout of the photoconductive emitter is shown in Fig. 2(a) . It possesses a radially symmetric, interdigitated finger electrode structure [47] biased with 15 V. Due to the change of the bias field direction for neighboring electrode gaps, which would result in destructive interference of the emitted terahertz wavelets in the far field, every second gap is shielded by a metallic cover, as indicated in Fig. 2(a) . The laser excitation beam illuminates a 300 μm-diameter spot centered on the emitter structure. The emitted radially polarized terahertz pulse is collimated and refocused by two off-axis paraboloidal mirrors with a focal length of f 100 mm. In order to collect the divergent radiation of the emitter, the mirrors are designed with a very large entrance aperture angle of 60°corre-sponding to a NA 0.87. This mirror optics generates a diffraction-limited, one-to-one image of the source. The optical pulse is focused through a 1 mm-thick ZnTe crystal, but is reflected by a Fig. 1 . Schematic illustration of the terahertz near-field microscope.
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Vol. 3, No. 1 / January 2016 / Opticahighly reflective coating on the object side. The back-reflected laser beam experiences polarization rotation by the local terahertz electric field. The degree of rotation is measured by balanced photo-detection. By using ZnTe-crystals cut along different crystal axes, the transverse and longitudinal components (E ρ and E z ) of the electric field can be measured separately [53, 54] . By raster scanning the electro-optic crystal together with the laser, the electric field profile of the terahertz beam can be spatially mapped.
We performed scans of 4 mm in the radial and 6 mm in the propagation directions, with a spatial resolution of 40 μm. Note that at each position, the entire time-domain signal of the terahertz field is recorded with a temporal resolution of 67 fs, thus yielding a spatial field distribution at each time step.
A temporal snapshot of the measured radial component of the electric field E ρ is shown in Fig. 3(a) for a radially polarized terahertz pulse at the instant that it passes through its focus. The corresponding field transients measured at the positions of the highest field amplitudes are shown in Fig. 3(b) . The recorded pulses at the two positions have opposite polarity with a temporal evolution that is inverted, as is expected for a radially polarized beam. A Fourier transformation yields the complex amplitude in the frequency domain. In Fig. 3(c) , we plot the real part of the electric field E ρ at one particular frequency (ν 1.35 THz). In this plot, the individual wavefronts of the radially anti-symmetrical field become visible. Note that slight asymmetries in all measurements are caused by misalignment and are due to laser drifts during a spatial scan (top to bottom of the image), which takes several hours. The corresponding spectra of the two sample pulses in Fig. 3(b) are shown in Fig. 3(d) as the real part of the electric field in the frequency domain, demonstrating anti-symmetry at all frequencies between 0.5 and 2.5 THz.
EXTRACTION OF THE GOUY PHASE
In order to extract the Gouy phase shift from the measured data, we follow the intuitive procedure illustrated in Fig. 4 . In the first step, at a given frequency, all electric field values associated with a certain wavefront (as indicated by the black semicircles) are integrated along this wavefront in either the lower or the upper halfspace of Fig. 4(a) and are assigned to the intersection point of the wavefront with the optical axes (red dots). Note that integration in the two half-spaces yields values of identical magnitude but opposite signs. By this integration the measured two-dimensional field maps are effectively projected onto the optical axis and reduced to only one dimension. For this purpose, we initially need to identify the circular sections, which describe the wavefronts in proximity to the Gaussian focus.
Theoretically, only the three parameters E 0 , ω, and w 0 are necessary to characterize the radially polarized beam completely.
Since the field amplitude and frequency are fixed for each field map, only w 0 needs to be determined from the experimental data. This is accomplished by fitting to our data the expression for the transverse field profile at the beam focus z 0, reducing Eq. (1) to
with E 0 and w 0 as the fitting parameters. With the extracted beam waists, we are able to calculate the wavefront radius of curvature Rz is (see Supplement 1) . Note that z is denotes the intersection of the circle with the optical axis [red dots in Fig. 4(a) ]. Also, the center of each circle is located on the optical axis and is given by
As indicated in Fig. 4(a) for two wavefronts, the one before (left) and the one after (right) passing through the focus, i.e., for z is < 0 and z is > 0, the measured wavefronts nicely follow the calculated semicircles. Now, the field amplitudes along each wavefront need to be summed up. For this purpose, we can calculate for each pixel the intersection point of its wavefront semicircle with the optical axis. From Fig. 4(b) , we find that for a spatial pixel ρ i ; z j
which reduces to
By solving this equation for z is , we can associate each pixel with a point z is on the optical axis. Note that Eq. (7) in general has three solutions, but the constraints that the solution needs to be realvalued and that the intersection point z is needs to have the same sign as z j leave only one valid solution. Finally, the optical axis is divided into intervals of 40 μm and all pixels that are associated with z is values within one interval are summed up (integrated data).
GOUY PHASE SHIFT FOR TRANSVERSE FIELD COMPONENTS
With the procedure described in the previous section, the integrated field data projected onto the z-axis are obtained [see blue curve in Fig. 5(a) ]. In order to extract the Gouy phase shift from the wavefront integrated electric field, we have fitted a general expression of the form
with A, ζ and n as free-fitting parameters to the data, with λ c∕ν and z 0 being fixed for each particular frequency. The parameter ζ is an arbitrary constant phase required to adjust the initial phase of the fit. The pre-factor n corresponds to the complete Gouy phase shift in multiples of π experienced by the wave upon transversing the focus. The best fit to our data is also plotted in Fig. 5 (a) (red curve). The effect of the Gouy phase is illustrated in Fig. 5(b) , where the fitted function [Eq. (8)] with (red curve) and without (green curve) the phase term n · arctan z∕z 0 is plotted. Whereas both functions are initially in phase, at the focus (z 0), they have a phase difference of π and after passing the focus, they eventually are in phase again, which corresponds to an overall Gouy phase shift of 2π.
In order to trace the evolution of the phase in space, we follow an alternative procedure based on fitting the suitable wave function only within a narrow spatial window and successively moving the window stepwise along the z-axis (step size 40 μm). Using the expression for a spatially oscillating wave
with A and ϕ Gouy as free-fitting parameters, the accumulated Gouy phase shift can be spatially traced. The spatial dependence of the Gouy phase obtained from the fit is presented in Fig. 6 (a) for our central frequency of 1.35 THz (red line). For comparison, we also plot the Gouy phase term of the paraxial approximation n · arctan z∕z 0 for n 2 and z 0 393 μm (dashed line). In Fig. 6(b) , we compare the phase shift extracted for different frequencies. The curves become steeper with increasing frequencies, as expected due to the decrease of the Rayleigh length z 0 with Research Article increasing frequency. For the lowest frequencies, 0.4 and 0.5 THz, the phase shift occurs over the entire z-range covered in our scan, while for higher frequencies, the main change occurs within a narrow window close to the focus.
GOUY PHASE SHIFT FOR LONGITUDINAL FIELD COMPONENTS
Having characterized the transverse component of the electric field of the radially polarized beam, we next investigate its longitudinal field component. The corresponding electric field map of E z is shown in Fig. 7 for two selected frequencies. In contrast to the radial component, the longitudinal part only has a strong contribution in the vicinity of the focus, with the strongest field directly in its center. This concentration of the E z field component is clearly visible in the field maps at higher frequencies, e.g., for 1.35 THz. For this case, we again plot the field projected onto the optical axis using the described procedure. The measured data together with a fit according to Eq. (8) are shown in Fig. 8(a) . In this case, we obtain a total Gouy phase shift of only π, which can be clearly seen in Fig. 8(b) , where again, the fitted function is compared with a wave lacking the Gouy phase term. While initially in phase, the phase shifts as the beam passes through the focus, so that after the focus, the wave is out of phase, i.e., has experienced a phase shift of π, with respect to a plane wave.
The entire Gouy phase evolution obtained by the windowed fitting procedure is shown in Fig. 9(a) (red line) . Again, the Gouy phase term n · arctan z∕z 0 is plotted in this case for n 1 and z 0 622 μm for comparison (gray dashed line).
Similarly, for the transverse field component, the phase transition becomes steeper with increasing frequencies due to the decrease of the Rayleigh length [ Fig. 9(b) ]. Note that the phase curves tend to exceed the expected phase shift range of π in particular at higher frequencies, for which the field amplitudes are low and the distance strongly exceeds the Rayleigh distance. This is due to the fact that for determining the exact electric field distribution beyond the paraxial approximation, higher orders of Hermite-Gaussian functions have to be taken into account [55] . Therefore, our field projection procedure based on the assumption of circular wavefronts is strictly valid only close to the focus, leading to slight deviations beyond the Rayleigh range.
DISCUSSION
In Fig. 10 , we schematically illustrate the phase behavior of the field components of a radially polarized beam with the 2π Gouy phase shift of the transverse and the π Gouy phase shift of the longitudinal component. At the point of highest symmetry, i.e., in the focus, the two components feature a phase difference Research Article of π∕2 [56] . Far outside the Rayleigh range, the wavefronts for the longitudinal and transverse fields coincide; however, the direction of the longitudinal field with respect to the transverse field is opposite before and after the focus. Therefore, without having to fully map out the wavefronts, but by just taking an x-y image at a certain z-position, one can directly tell from the phase relation between the transverse and longitudinal fields whether this z-position is in front, behind, or exactly in the focal plane. This method may prove similarly useful for radially polarized terahertz beams, like the well-known knife-edge method for visible linearly polarized beams. In more quantitative terms, one can calculate the full propagating beam when only the transverse and longitudinal components are measured in the x-y plane for a fixed value of z.
CONCLUSION
In summary, we have used terahertz microscopic imaging to measure the field maps of a radially polarized beam propagating through a focus, and were able to experimentally extract the characteristic Gouy phase shift for its transverse and longitudinal electric field components for the first time. For this purpose, we have developed a procedure that allows us to extract the spatial evolution of the geometric phase of a terahertz field upon propagation through a focus. As theoretically predicted, for the radially polarized light, we observe a Gouy phase shift of 2π for the transverse and of π for the longitudinal field components. The knowledge of the Gouy phase shift, in particular of longitudinal field components of radially polarized beams, is highly relevant for a broad range of applications, ranging from particle acceleration to microscopy techniques.
Our approach, which relies on the polarization-sensitive and coherent detection of electromagnetic transients, is universal and may be used to characterize the geometric phase of focused or diffracted waves covering a wide range of the electromagnetic spectrum from microwaves up to the near infrared [57, 58] .
Funding. German Research Foundation (DFG) (WA 2641/7).
